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Abstract. In this paper it is exposed how to obtain a relation that have to be hold
for all free divergent velocity fields that evolve according to Navier–Stokes equations.
However, checking the violation of this relation requires a huge computational effort.
To circumvent this problem it is proposed an additional antsatz to free-divergent
Navier–Stokes fields. This makes available six degrees of freedom which can be tuned.
When they are tuned adequately, it is possible to find finite L2 norms of the velocity
field for volumes of R3 and for t ∈ [t0,∞). In particular, the kinetic energy of the
system is bounded when the field components ui are class C
3 functions on R3× [t0,∞)
that hold Dirichlet boundary conditions. This additional relation lets us conclude that
Navier–Stokes equations with no-slip boundary conditions have not unique solution.
1. Introduction
The evolution of a system is represented by means of magnitudes that change over
time. Typically, the dynamical system is defined by differential equations of time
functions. However, this definition becomes inconsistent when time integration of those
equations does not guarantee that magnitudes are finite all the time. In systems like
incompressible Navier–Stokes equations, it is imperative to find additional restrictions
(or equations) to avoid that situation in which the functions become infinite at finite
time [1], [2]. Moreover, it is necessary in these advective velocity fields to assure that
the kinetic energy remains bounded, at least for a short time [3]. Many methods for
these equations to find weak solutions have been developed [4]-[6], but still is not clear
that such systems have unique solutions. There was proved in [7], [23] that if there
exists a classical solution in a connected subset of R3 × [t0, T ] then it is also a Leray-
Hopf weak solution [4], [9],[10]. It is also proved that if there exists a Leray-Hopf weak
solutions in R3 × [t0, T ], it is a unique solution. Conversely, if there is a uniquely weak
solution u with partial derivatives ∂i∂juk belonging to L
2(R3 × [t0, T ]), then this one is
also a classical solution for the Navier–Stokes equation. However, it has been proposed
recently that Navier–Stokes equations have not unique weak solutions [11]. The present
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paper is in the line of this recent paper. In the first part of the present paper, we expose
how to find a relation for the velocity field components and derivatives. This relation is
an inequality that involves second derivative in time of the sphere area. To see where
this relationship comes from, we expose what conditions are needed for surface area of
a volume to grow over time. When the volume is a ball, it is necessary to compute de
second time derivative of the surface area and to particularize this result to the sphere.
These inequalities have to be hold for all possible surface balls in the domain of the
velocity field in R3× [t0,∞). However, this requires a huge computational effort. If the
second time derivative of the area is applied to velocity fields that hold Navier–Stokes
equations, we could realize that an additional relationship is needed between spatial
second derivative of pressure and spatial derivatives of velocity field components. To
circumvent the computational problem, in the second part of the present paper it is
suggested an equation that, when it holds, guarantees that volume integral of a velocity
norm is finite at every time lapse under suitable boundary conditions. The restriction
exposed in the second part of this paper is a matrix relation between spatial partial
derivatives of velocity and pressure. These types of ansatz are common in dynamic
systems [12]-[14] since they allow to observe the problem under different points of view.
Then, if the restriction to Navier–Stokes equations exposed here were maintained, the
kinetic energy, the volume integral of the velocity field norm, would be bounded by a
constant magnitude.
Then, the first issue is to obtain a transport theorem for surfaces. This theorem is
not new but helps us to fix the notation. Second, we will show a differential relation of
velocity and pressure that is a generalization of the Poisson equation for the pressure.
This relation gives us a bounding for the infinitesimal strain tensor of the fluid. Finally,
if the velocity is null outside the considered volume, those assumptions allow us to obtain
an upper bound to the volume integral of quadratic sum of velocity field components.
2. Transport theorem for surfaces
For technical reasons, Reynold’s transport theorem [15]-[18] is a very useful tool since it
allows us introduce the time derivative of a dynamic volume integral inside the integrand
of a static integral. The change in the volume shape past to the integrand. The same
can be done with surface integrals. The integrating surface is moving and changing its
shape over time. Then, the transformation from time derivative of a surface integral to
a surface integral is not immediate task since, in general, time derivative and dynamic
integral does not permute. To pass the time derivative inside the integrand of the moving
surface require some effort. For this purpose, the velocity field considered here is defined
as the vector-valued function u : R3 × [t0,∞) −→ R
3 with components ui, i ∈ {1, 2, 3};
and t0 is the initial time. Moreover, Ω ⊂ R
3 is a volume dragged by the velocity
field. Its boundary is the closed surface Σ ≡ ∂Ω. Formally, let x ∈ Ω ∪ Σ and let φt
denote the invertible mapping x 7−→ φ(x, t) ∈ R3 which can be viewed as the flow with
properties φ(φ (x, s) , t) = φ (x, s+ t) and φ(x, t0) = x. So, φt is the mapping that
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takes the volume Ω at time t0 to the volume Ωt at time t, and hence, it also takes the
surface Σ at time t0 to the surface Σt at time t. In this way, the velocity is given by
u (φ (x, t) , t) ≡ ∂φ(x,t)
∂t
. Moreover, x can be considered as the parametrization of the
surface Σ that takes (α, β) ∈ [0, 1] × [0, 1] ⊂ R2 to x (α, β) ∈ Σ ⊂ R3. This allows to
define the unit normal vector n to the surface Σt, with components ni, as
n =
∂αφ× ∂βφ
‖∂αφ× ∂βφ‖
(1)
where ∂αφ =
∂x
∂α
· ∇φ (x, t) , ∂βφ =
∂x
∂β
· ∇φ (x, t); and ‖ · ‖ is the Euclidean norm.
Moreover, the material derivative of f (x, t) ∈ R is defined as Df
Dt
≡ ∂f
∂t
+ u · ∇f . With
these definitions, the theorem can be stated as follows.
Theorem 1. Let u be a differentiable velocity field as defined above, f (x, t) ∈ R be
a smooth function and Ωt be a Lebesgue measurable domain with smooth boundary.
Then, the time derivative of the surface integral over Σt of the function transported by
the field is
d
dt
∫
Σt
fd2x =
∫
Σt
[
Df
Dt
+ f∇ · u− fn · (n · ∇u)
]
d2x. (2)
Proof. The moving surface Σt can be parametrised by α ∈ [0, 1] and β ∈ [0, 1]. So the
equation (2) can be rewritten as
d
dt
∫
Σt
f (x, t) d2x
=
d
dt
∫ 1
0
∫ 1
0
f (φ (x(α, β), t) , t) ‖∂αφ× ∂βφ‖ (x(α, β), t)dαdβ. (3)
Now, the integration limits do not depend on time and the time derivative passes into
the integrand. Then,
d
dt
∫
Σt
f (x, t) d2x
=
∫ 1
0
∫ 1
0
{
d
dt
[f (φ (x(α, β), t) , t)] ‖∂αφ× ∂βφ‖ (x(α, β), t)
+f (φ (x(α, β), t) , t)
d
dt
[‖∂αφ× ∂βφ‖ (x(α, β), t)]
}
dαdβ. (4)
The chain rule can be applied to both time derivatives of right hand side of (4). The
fist one is
d
dt
[f (φ (x(α, β), t) , t)]
=
∂
∂t
f (φ (x(α, β), t) , t) +
∂
∂t
φ (x(α, β), t) · ∇φf (φ (x(α, β), t) , t) (5)
where ∇φ is the gradient built from partial derivatives with respect of φ components.
The second time derivative of right hand side of (4) is
d
dt
‖∂αφ× ∂βφ‖ =
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(∂αφ× ∂βφ)
‖∂αφ× ∂βφ‖
·
[(
∂αφ · ∇φ
∂φ
∂t
)
× ∂βφ+ ∂αφ×
(
∂βφ · ∇φ
∂φ
∂t
)]
(6)
where the functions arguments are omitted for clarity. A little more algebra transforms
this relation into
d
dt
‖∂αφ× ∂βφ‖ =
= ‖∂αφ× ∂βφ‖
[
∇φ ·
∂φ
∂t
]
−
[
(∂αφ× ∂βφ) · ∇φ
∂φ
∂t
]
·
(∂αφ× ∂βφ)
‖∂αφ× ∂βφ‖
. (7)
Plugging these results in (4), and taking into account the definition of the normal vector
to the surface (1) and that u (φ (x, t) t) = ∂φ(x,t)
∂t
, it is found that
d
dt
∫
Σt
f (x, t) d2x =
∫ 1
0
∫ 1
0
[
∂f
∂t
+ u · ∇φf
+f {∇φ · u− (n · ∇φu) · n}
]
‖∂αφ× ∂βφ‖dαdβ (8)
Finally, undoing the surface parametrization, this last relation gives us the theorem
result
d
dt
∫
Σt
f (x, t) d2x =
∫
Σt
[
Df
Dt
+ f {∇ · u− (n · ∇u) · n}
]
d2x. (9)

Equation (2) is similar to the transport theorem for moving surfaces of volumes
[19], [20], which is usually written in terms of both, normal velocity and curvature of
the surface. However, in this case, the term corresponding to the boundary of the surface
is missing since it is a closed one and, hence, it has not boundary. Perhaps, the normal
vector n inside the integrand could be confusing since it depends on the surface choice,
but notice that we can rewrite the surface integral as the identity∫
Σt
d2x ≡
∫
Σt
n · nd2x ≡
∫
Σt
δijninjd
2x, (10)
where we have used Einstein notation for summation on repeated indexes and δij is the
Kronecker delta. With this notation, the formula of the theorem can be rewritten as
d
dt
∫
Σt
fd2x =
∫
Σt
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ninjd
2x. (11)
Then, it is easier to compute the second derivative of a surface integral of the function
f . But here, we show that the second time derivative of a surface is useful to obtain an
equation that we will use later. So, from (2) we have that
d2
dt2
∫
Σt
fd2x =
d
dt
∫
Σt
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ninjd
2x (12)
and then
d2
dt2
∫
Σt
fd2x =
∫
Σt
{
D
Dt
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ninj
+
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
Dni
Dt
nj
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+
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ni
Dnj
Dt
+
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ninj [∂mumδkl − ∂kul]nknl
}
d2x. (13)
To simplify this equation we use
Dni
Dt
=
dni
dt
= −nl∂lui + ninlnk∂luk, (14)
that is deduced from relation (6), to give
d2
dt2
∫
Σt
fd2x =
∫
Σt
{
D
Dt
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ninj
+ f
[
njnl∂lui∂iuj + ninl∂luj∂iuj − 2(ninj∂iuj)
2
]
+
[(
Df
Dt
+ f∂kuk
)
δij − f∂iuj
]
ninj [∂mumδkl − ∂kul]nknl
}
d2x. (15)
This raw equation gives de second time derivative of the surface integral of a function
that is dragged by a velocity field. When this function is the density ρ(x, t) of the fluid,
(15) can be simplified to
d2
dt2
∫
Σt
ρd2x =
∫
Σt
ρ
{
−
D
Dt
(∂iuj)ninj + njnl∂lui∂iuj
+ninl∂luj∂iuj − (ninj∂iuj)
2
}
d2x, (16)
using the continuity equation
Dρ
Dt
+ ρ∂kuk = 0. (17)
Moreover we have the identity
ninl∂luj∂iuj − (ninj∂iuj)
2
= ∂jul∂iumninjnknn(δlmδkn − δlnδkm)
= (ǫalknknj∂jul)(ǫabcncni∂iub), (18)
where ǫabc with a, b, c ∈ {1, 2, 3} is the Levi-Civita tensor, so
d2
dt2
∫
Σt
ρd2x =
∫
Σt
ρ
{
−
D
Dt
(∂iuj)ninj + njnl∂lui∂iuj
+(ǫalknknj∂jul)(ǫabcncni∂iub)} d
2x, (19)
Now that we know the rate of change of the surface integral of a magnitude with
time, we would like to know whether the area of the surface grows, diminishes or remains
constant with time when the volume does not change. A particular case is the sphere,
the surface of a ball. One of the sphere properties is that it has the least area that
encloses a volume [21], [22]. So, the area of the sphere only can increase or be the same
few time later. This means that the area is a convex function of time near the minimum.
The next theorem depicts this situation.
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Theorem 2. Let u be a class C3 velocity field as defined above. Let S3 ⊂ R3 be balls
with boundaries S2 ⊂ R3. Also, there exists only one region Ωt ⊂ R
3 for t 6= t0 such
as Ωt → S
3 when t → t0, where S
3 ∈ S3. For every t, if the velocity field holds the
incompressibility statement, ∇ · u = 0, then∫
S2
{
−
D
Dt
(∂iuj)ninj + njnl∂lui∂iuj
+(ǫalknknj∂jul)(ǫabcncni∂iub)} d
2x ≥ 0. (20)
where S2 is the boundary of S3 .
Proof. Taking into account the very well known isoperimetric inequality for three
dimensions [21],[22], we have∫
Σt
d2x ≥ 3
(
4
3
π
) 1
3
[∫
Ωt
d3x
] 2
3
, (21)
where the equality holds for the ball S3. We subtract the area of S2 on both sides,∫
Σt
d2x−
∫
S2
d2x ≥ 3
(
4
3
π
) 1
3
[∫
Ωt
d3x
] 2
3
−
∫
S2
d2x
≥ 3
(
4
3
π
) 1
3
{[∫
Ωt
d3x
] 2
3
−
[∫
S3
d3x
] 2
3
}
. (22)
Due to the incompressibility of the fluid, S3 and Ω have the same volume. The right
hand side of (22) then vanishes∫
Σt
d2x−
∫
S2
d2x ≥ 0. (23)
In addition, the area time derivative is given by (2), with f = 1 and ∂iui = 0,[
d
dt
∫
∂Ωt
d2x
]
(t0) = −
∫ pi
0
∫ 2pi
0
∂rurr
2 sin θdθdφ
= −∂r
[∫ pi
0
∫ 2pi
0
urr
2 sin θdθdφ
]
+
2
r
∫ pi
0
∫ 2pi
0
urr
2 sin θdθdφ
= −∂r
[∫
S3
∂iuid
3x
]
+
2
r
∫
S3
∂iuid
3x = 0. (24)
So the area of a sphere reaches its minimum at time t = t0 in a incompressible velocity
field. This property together with (23) means that the area is a local convex function
of time in a range close to t0. Therefore, the second time derivative of this function at
t0 holds [
d2
dt2
∫
Σt
d2x
]
(t0) ≥ 0. (25)
The second time derivative of the area can be computed applying (19) for ρ = 1, giving
rise to [
d2
dt2
∫
Σt
d2x
]
(t0) =
[∫
Σt
{
−
D
Dt
(∂iuj)ninj + njnl∂lui∂iuj
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+(ǫolknknj∂jul)(ǫomnnnni∂ium)} d
2x
]
(t0)
=
∫
S2
{
−
D
Dt
(∂iuj)ninj + njnl∂lui∂iuj
+(ǫalknknj∂jul)(ǫabcncni∂iub)} d
2x ≥ 0,
(26)

In this equation we see that, at every time, for every spherical surface, there exist
a volume, which is a function of time, that converges to the ball. Then (20) is held at
every instant of time. For Theorem 2, given that we have a surface integral, it does not
matter what velocity distribution is inside the ball but just on its surface. Therefore, this
theorem asserts that if there exist at least a sphere in the domain of the incompressible
velocity field that violates (20), time evolution for that velocity field is forbidden. The
next result applies this last theorem to incompressible Navier–Stokes fluids.
Theorem 3. Let p be the pressure defined as the class C2 function p : R3×[t0,∞) −→
R. Let u be an incompressible class C3 velocity field as defined above, ∇·u = 0, which
evolves in time according to the Navier–Stokes equations
∂tu+ u · ∇u = ν△u−∇p. (27)
Here, the density is ρ = 1 and ν is the viscosity. Then, at every time t, for every
spherical region S3 ∈ S3 ⊂ R3 with boundary S2, we have∫
S2
{(2∂juk∂kui + ∂i∂jp− ν∂k∂k∂iuj)ninj
+(ǫalknknj∂jul)(ǫabcncni∂iub)} d
2x ≥ 0, (28)
where we have used Einstein notation for repeated indices.
Proof. Substitution of relation (27) on (20) gives rise to (28). 
This theorem establishes that if we find at least a sphere for which the
incompressible velocity field does not hold (28), that field can not evolve according
to Navier–Stokes equations. Notice that the theorem is only useful when the inequality
is violated. However, checking whether (28) is violated or not for every sphere in the
velocity field region at every time could be a huge computational effort. To reduce this
computational effort, we would like to avoid working out the ∂i∂jp term inside integrand
but, at the same time, we would like to preserve the Poisson equation for pressure and to
avoid vorticity equation incompatibility. Tentatively, we could take the quantities inside
brackets of the first term in the integrand of (28) as antisymmetric matrix components.
Namely, we could take Aij = −Aij and
Aij = 2∂juk∂kui + ∂i∂jp− ν∂k∂k∂iuj (29)
In this case, the second time derivative of surface area would be positive for all surfaces,
not only for spheres. But we conclude that ∂iuj∂jui = 0 for incompressible Navier–
Stokes equations. This type of restrictions is outside the scope of the present paper.
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However, instead of reduce the computational task of (28), we can circumvent it. Other
alternative to obtain more velocity field properties is the following. In addition to
Navier–Stokes equations
∂tui + uk∂kui = −∂ip+ ν∂k∂kui
∂kuk = 0, (30)
we could propose the heuristic relation between velocity and pressure given by
1
2
∂iuk∂kuj +
1
2
∂juk∂kui + (Tr(M)δij − 3Mij) + ∂i∂jp = 0, (31)
where M is a symmetric matrix with trace Tr(M) = Mijδij and components Mij = Mji
that are arbitrary functions of x and t. This relation is inspired in the quantities inside
brackets of the first term in the integrand of (28). Now, relation (31) is compatible
with the Poisson equation for pressure ∂iuj∂jui = −∂k∂kp and vorticity equation. This
matrix adds several degrees of freedom for this pressure equation since we are free to
choose Mij . There are six degrees of freedom corresponding to six arbitrary ways to
choose Mij. However, this relation also imposes six independent equations to velocity
and pressure relationship while there are four unknowns. This could make the system of
equations inconsistent. To prevent the system from being overdetermined, it is necessary
that we add an unknown term to the momentum equation in (30). In following section
it moves ahead for fitting the parameters and unknown functions.
3. Dirichlet boundary condition on Restricted Navier-Stokes equations.
Now that we have found a system of partial differential equations, we will focus on
the Dirichlet problem. For this purpose, we will enunciate a theorem that comprises
Navier–Stokes equations, the additional relation between velocity and pressure, along
with Dirichlet boundary conditions.
Theorem 4. Let R3 be the Euclidean space. Let ui, p be class C
3 differentiable
functions on R3 × [t0,∞) as defined in the previous section and i ∈ {1, 2, 3}. Take
λ > 0, ν > 0, ηi, ζi, Nij constants. The volume Ωt is compact at time t with smooth
boundary Σt. Take x
′ such as x′k < xk for any x ∈ Ωt. Suppose that ui, p satisfy
Dui
Dt
= ν∂k∂kui − ∂ip+ fi (32)
∂iui = 0 (33)
fi = ηjNjie
−ζk(xk−x′k) (34)
Nije
−ζk(xk−x′k) =
1
2
(∂iuk∂kuj + ∂juk∂kui)−Mij + ∂i∂jp (35)
Mij =
ν
2
∂k∂k(∂jui + ∂iuj) +
λ
4
(∂jui + ∂iuj) (36)
2Nij + ζjηkNki + ζiηkNkj = 0 (37)
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in the volume Ωt, and ui satisfies
ui = 0 (38)
in the surface Σt. Then, it also satisfies∫
Ωt
uiuid
3x ≤
[√
K2 +
√
K3 (t− t0)
]2
(39)
where
K2 =
∫
Ω
u0iu
0
id
3x (40)
K3 =
1
4
∫
Ω
fifid
3x. (41)
are constants in which u0i and Ω are ui and Ωt at time t0, respectively.
Proof. Notice that we can obtain
1
2
D (uiui)
Dt
= νui∂k∂kui − ∂i (uip) + uifi (42)
multiplying (32) by ui. Integrating in Ωt, using Reynolds transport theorem and (33),
we have
1
2
d
dt
∫
Ωt
uiuid
3x = ν
∫
Ωt
ui∂k∂kuid
3x+
∫
Ωt
uifid
3x−
∫
Σt
(uip)nid
3x (43)
Notice that Σt = Σ since ui = 0 in the boundary. This causes that the last term of
right hand side disappears. The first term in the right hand side can be worked out as
follows. Taking derivative of momentum equation (32) and substitution of (35) in the
resulting one gives
D
Dt
(∂jui) =
1
2
∂iuk∂kuj −
1
2
∂juk∂kui −Nije
−ζk(xk−x′k) −Mij
+∂jfi + ν∂k∂k∂jui (44)
The product of this equation by (∂jui + ∂iuj) is
1
4
D
Dt
[(∂iuj + ∂jui)(∂iuj + ∂jui)] = ∂iuj [ν∂k∂k(∂iuj + ∂jui)]
− (2Nij + ηkNkiζj + ηkNkjζi) e
−ζk(xk−x′k)∂jui − 2Mij∂iuj. (45)
When we choose the symmetric matrix M with the components Mij given by (36),
replace them in (45), using (37) and (33), it gives
D
Dt
[(∂iuj + ∂jui)(∂iuj + ∂jui)] = −λ(∂iuj + ∂jui)(∂iuj + ∂jui). (46)
We now integrate (46) in Ωt. Using Reynolds transport theorem, we obtain
d
dt
∫
Ωt
(∂iuj + ∂jui)(∂iuj + ∂jui)d
3x
= −λ
∫
Ωt
(∂iuj + ∂jui)(∂iuj + ∂jui)d
3x. (47)
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The time integral on interval [t0, t) gives us∫
Ωt
(∂jui + ∂iuj)(∂jui + ∂iuj)d
3x = K4e
−λ(t−t0), (48)
where
K4 =
∫
Ωt
(∂ju
0
i + ∂iu
0
j)(∂ju
0
i + ∂iu
0
j)d
3x (49)
Rearranging terms, we have
2
∫
Ωt
∂j [(∂jui + ∂iuj) ui] d
3x− 2
∫
Ωt
ui∂j∂juid
3x = K4e
−λ(t−t0) (50)
Applying Gauss theorem and boundary condition to this last formula gives us∫
Ωt
ui∂j∂juid
3x = −
K4
2
e−λ(t−t0) (51)
Substitution of this relation on (43) gives rise to
1
2
d
dt
∫
Ωt
uiuid
3x = −
νK4
2
e−λ(t−t0) +
∫
Ωt
fiuid
3x. (52)
The first term of right hand side in this last formula is negative and the second one can
be approximated by Cauchy-Schwartz inequality. So, (52) can be approximated by
1
2
d
dt
∫
Ωt
uiuid
3x ≤
√∫
Ωt
fifid3x
√∫
Ωt
uiuid3x (53)
Notice that this is a time differential inequality of Bihari–LaSalle’s type (see [23], [24])
dF (t)
dt
≤ C
√
F (t). (54)
Dividing (54) by
√
F (t), and integrating in time variable the resulting relation is√
F (t) ≤
√
F (t0) +
C
2
(t− t0) . (55)
Then, we conclude that∫
Ωt
uiuid
3x ≤
[√
K2 +
√
K3 (t− t0)
]2
(56)

A consequence of Theorem 4 is that∫
Ωt
uiuid
3x <∞ (57)
for all t ∈ [t0,∞). So, the energy of the system does not blow up under the considered
conditions. Moreover, we can consider a sequence of functions
{
f
(n)
i
}
n∈N
such as f (n)
replace fi in (32)-(37). When this sequence holds f
(n)
i → 0 when n → ∞, we can
compute time integral of (52) as∫
Ωt
uiuid
3x→ K2 +
νK4
λ
[
e−λ(t−t0) − 1
]
. (58)
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Then, the highest value of the energy depends only on initial conditions. Moreover, it
is necessary to take K2 ≥
νK4
λ
to avoid contradictions at time t → ∞ in the sequence
limit. Then, the chance of choice the additional relation between velocity and pressure
makes it possible to bound highest growth of the energy that is put into play by the
system. However, if we only start with Navier–Stokes equations and Dirichlet boundary
conditions, we have several options to choose the symmetric matrix M and, hence,
several solutions. This can be enunciated as a theorem.
Theorem 5. Let R3 be the Euclidean space. Let ui, p be class C
3 differentiable
functions on R3 × [t0,∞) as defined above and i ∈ {1, 2, 3}. Take ν > 0 constant.
And Ωt is a compact volume at time t with piecewise smooth boundary Σt. Suppose
that ui, p satisfy
Dui
Dt
= ν∂k∂kui − ∂ip (59)
∂iui = 0 (60)
in the volume Ωt, and ui satisfies
ui = 0 (61)
in the surface Σt. Here u
0
i and Ω are ui and Ωt at time t0, respectively. Then, the
solution ∫
Ωt
uiuid
3x <∞ (62)
is not unique.
Proof. Suppose that∫
Ω
(
∂ju
0
i + ∂iu
0
j
) (
∂ju
0
i + ∂iu
0
j
)
d3x 6= 0. (63)
Let be a an element of a set of indices J . We can use Theorem 4 for constants λ(a) and
function sequence
{
f
(n)
i
}
n∈N
as before, in such a way that f
(n)
i → 0. Then, we have∫
Ωt
uiuid
3x→ K2 +
νK4
λ(a)
[
e−λ
(a)(t−t0) − 1
]
(64)
for all a ∈ J when n →∞. But we can impose λ(a) 6= λ(b) for a, b ∈ J , a 6= b. But the
integral of functions in L2 can not converge to several values at the same time, since it
violates bounded convergence theorem of Lebesgue integral.
In the case that∫
Ω
(
∂ju
0
i + ∂iu
0
j
) (
∂ju
0
i + ∂iu
0
j
)
d3x = 0 (65)
we have ∫
Ωt
(∂jui + ∂iuj) (∂jui + ∂iuj) d
3x = 0 (66)
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for all t ∈ [t0,∞). So (∂jui + ∂iuj) = 0 and, hence, ∂j∂jui = 0 for x ∈ Ωt. But ui = 0
in Ωt if ui is a harmonic function with ui = 0 in Σt. 
So we can conclude that Navier–Stokes equations with the Dirichlet boundary
conditions given above have not unique solution. Moreover, the solution for restricted
Navier–Stokes equations has, in the worst case, quadratic growing with time. In the
best case, when the sequence of functions make f
(n)
i going to zero, the solution decays
exponentially with time. This stability for t → ∞ of (58) is in good agreement with
[11], [25] and fluid phenomena observed in experiments [26]. Moreover, the problem for
computing whether the fluid field holds (28) or not can be circumvented in this way.
4. Conclusion
This paper has shown the usefulness of considering the movement of the surface of a
volume dragged by a velocity field. When the surfaces are spheres, it is needed to work
out (19), the second derivative of surface area with respect to time. It allows the chance
to find the relation (28) to avoid unrealistic velocity fields that do not evolve according
to Navier–Stokes equations. However, to check this relation for every sphere in the
considered domain of the field supposes a hard computational task. This difficulty can be
overcome by taking another strategy. We can make the ansatz (31), with several degrees
of freedom, in such a way that there is no contradiction with pressure Poisson equation,
and then, we can proceed by tuning such degrees of freedom. We are free to choose
a symmetric matrix which, under suitable boundary conditions, gives rise to bound
essential magnitudes. When Dirichlet no-slip conditions are applied on the boundary of
the domain of this dynamical system, the kinetic energy on considered volume increases
at most quadratically with time as (39). But since there is an arbitrary choice of λ, only
considering incompressible Navier–Stokes equations with those boundary conditions, we
conclude that we can obtain several solutions simultaneously, as viewed in Theorem 5.
Moreover, it is remarkable that those solutions are not weak, but classical, since they
are not class C∞ functions, but C3 functions.
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